Abstract. We give further counterexamples to the conjectural construction of Bridgeland stability on threefolds due to Bayer, Macrì, and Toda. This includes smooth projective threefolds containing a divisor that contracts to a point, and Weierstraß elliptic Calabi-Yau threefolds. Furthermore, we show that if the original conjecture, or a minor modification of it, holds on a smooth projective threefold, then the space of stability conditions is non-empty on the blow up at an arbitrary point. More precisely, there are stability conditions on the blow up for which all skyscraper sheaves are semistable.
Introduction
Since Bridgeland introduced stability conditions on triangulated categories in [Bri07] , the topic has been haunted. He was motivated by the attempt to further understand homological mirror symmetry related to Calabi-Yau threefolds, but to this day we do not know how to construct stability conditions on threefolds in general. While the theory has flourished with many applications on curves, surfaces, and quiver representations, the threefold problem has persisted.
In [BMT14] Bayer, Macrì, and Toda proposed a conjectural construction of Bridgeland stability on threefolds (see Section 2 for full details). They define the intermediate notion of tilt stability analogously to the construction of Bridgeland stability in the surface case. Let X be a smooth projective threefolds with ample polarization H, and let B 0 be an arbitrary R-divisor on X. For each β ∈ R one tilts the category of coherent sheaves to obtain the new heart of a bounded tstructure Coh β (X) consisting of certain two-term complexes. After fixing another real number α > 0, the new slope function is given by ν α,β := H · ch , where ch B = e −B · ch, and B = B 0 + βH. Note that if B is an integral divisor, then we have ch B (E) = ch(E ⊗ O(−B)). In order to construct Bridgeland stability, they propose another tilt of the category Coh β (X). They managed to prove all necessary properties except for the following conjecture.
Conjecture 2.5 ([BMT14, Conjecture 1.3.1]). For any ν α,β -stable object E ∈ Coh β (X) with ν α,β (E) = 0 the inequality
This inequality was first proved for P 3 in [Mac14b] . It was shown to hold for the smooth quadric in P 4 in [Sch14] and was later generalized to all Fano threefolds of Picard rank one in [Li15] . The case of abelian threefolds was settled with two independent proofs [BMS16, MP16] . Most recently, it was shown in [Kos17] for the case of P 2 × E, P 1 × P 1 × E, and P 1 × A, where E is an arbitrary elliptic curve and A is an arbitrary abelian surface.
It turns out that the conjecture does not hold in general which was first pointed out for the blow up of P 3 at a point in [Sch17] . Moreover, [Kos17] gave a counterexample for Calabi Yau threefolds containing a plane. A modified conjecture was proved for all Fano threefolds in [BMSZ16] and [Piy17] . This answers the following question affirmatively in that case.
Question 2.6 ([BMSZ16]
). Is there a cycle Γ ∈ A 1 (X) R depending at most on H and B 0 such that Γ · H ≥ 0 and for any ν α,β -stable object E with ν α,β (E) = 0, we have
Correcting and proving the conjecture is fundamental to the advancement of the theory of Bridgeland stability on threefolds. We believe that the following additional counterexamples should shed more light on this question. Theorem 1.1. Let f : X → Y be a birational morphism between projective threefolds, where X is smooth. Let D ⊂ X be an effective divisor such that −D is f -ample and f (D) is a point. Then there is a polarization H on X such that Conjecture 2.5 fails for O D with B 0 = 0 for some (α, β).
In particular, Conjecture 2.5 fails for any Weierstraß elliptic Calabi-Yau threefold over a del Pezzo surface.
The condition on −D being f -ample is very weak, and such a divisor exists for any birational divisorial contraction, where Y is normal and Q-factorial. In order to prove this theorem, we first establish the technical Lemma 3.1 that allows to determine whether the conjecture fails on the structure sheaf of a divisor. In case of the Weierstraß elliptic Calabi-Yau threefold, we get the counterexample from the structure sheaf of the image of its canonical section. Omprokash Das pointed out to us that for the case of the Weierstraß elliptic Calabi-Yau threefold there is a birational morphism contracting exactly the image of the canonical section to a point, and therefore, it is a special case of the theorem. This is proved in Appendix A.
We would like to point out that the counterexample for Calabi-Yau threefolds containing a plane in [Kos17] is also a consequence of Lemma 3.1. Indeed, as pointed out by Koseki, if a Calabi-Yau threefold contains a plane, then such a plane can be contracted and its structure sheaf contradicts Conjecture 2.5 just as in Section 3.1. All together this suggests an unexpected relation between the construction of Bridgeland stability on smooth projective threefolds and their birational geometry.
It is noteworthy that there is still no known counterexample in Picard rank one. This allows to draw a comparison to the classical Bogomolov-Gieseker inequality on surfaces for semistable sheaves. It says that any torsion-free semistable sheaf E satisfies the inequality
This inequality might fail for structure sheaves of divisors, too. However, as in our case this does not happen in the case of Picard rank one. Finally, we further investigate the blow up case in Section 4.
Theorem 1.2. Assume that X is a smooth projective threefold where Question 2.6 has an affirmative answer for some polarization H and R-divisor B 0 . Then the induced upper half-plane of stability conditions on X embeds into the space of stability conditions on the blow up of X at an arbitrary point. For these stability conditions skyscraper sheaves C(x) on the blow up are all semistable. A skyscraper sheaf C(x) is stable if and only if x does not lie on the exceptional divisor.
Let f :X → X be the blow up. As polarization we choose the pullbackH = f * H which is not ample anymore, but just nef. This makes a modification of the construction of the hearts of bounded t-structures necessary (see Section 4 for details). Within this slightly modified framework, the classΓ on the blow up is given by f * Γ − 1 6 E 2 , and the R-divisorB 0 is f * B 0 + 2E. The proof of this Theorem is based on a result by Toda from [Tod13] . He proved that the derived category D b (X) is equivalent to the bounded derived category of the abelian category of finitely generated B-modules D b (B) for a certain sheaf of finitely generated O X -algebras B. We carefully study preservation of stability for the forgetful functor 
Notation.
X smooth projective threefold over C H fixed ample divisor on X D b (X) bounded derived category of coherent sheaves on X ch(E) Chern character of an object
Preliminaries
Throughout this section, we fix a smooth projective threefold X, an integral ample divisor class H, and an arbitrary R-divisor class B 0 . Moreover, for real numbers α > 0 and β ∈ R, we define ω = αH and B = B 0 + βH. While X, H, and B 0 are fixed, we view α and β as varying parameters. The goal is to construct an upper half-plane of stability conditions based on these parameters.
The classical slope for a coherent sheaf E ∈ Coh(X) is defined as
where as usual division by zero is interpreted as +∞. A coherent sheaf E is called slope (semi)stable if for any non trivial proper subsheaf F ⊂ E the inequality µ(F ) < (≤)µ(E/F ) holds.
To ease notation, we define the twisted Chern character ch B as e −B · ch. Note that in the case where B is integral, we simply have ch
In the case B 0 = 0, we write ch β := ch B . The theory of tilting is used to construct another heart of a bounded t-structure. For more information on the general method of tilting we refer to [HRS96] and [BvdB03] . A torsion pair on the category of coherent sheaves can be defined by
A new heart of a bounded t-structure is given as the extension closure Coh
This means objects in Coh β (X) are given by morphisms between coherent sheaves with kernel in F β and cokernel in T β . The tilt slope is defined as
Theorem 2.1 (Bogomolov Inequality for Tilt Stability, [BMT14, Corollary 7.3.2]). Any ν α,β -semistable object E ∈ Coh β (X) satisfies
2 Z be the image of the map H · ch ≤2 . Notice that ν α,β factors through H · ch ≤2 . Varying (α, β) changes the set of (semi)stable objects. A numerical wall in tilt stability with respect to a class v ∈ Λ is a non trivial proper subset W of the upper half plane given by an equation of the form ν α,β (v) = ν α,β (w) for another class w ∈ Λ. A subset S of a numerical wall W is called an actual wall if the set of semistable objects with class v changes at S. The structure of walls in tilt stability is rather simple. This is sometimes also called Bertram's Nested Wall Theorem and the first full proof appears in [Mac14a] Theorem 2.2 (Structure Theorem for Tilt Stability). Let v ∈ Λ be a fixed class. All numerical walls in the following statements are with respect to v.
(1) Numerical walls in tilt stability are either semicircles with center on the β-axis or rays parallel to the α-axis. (2) If two numerical walls given by classes w, u ∈ Λ intersect, then v, w and u are linearly dependent. In particular, the two walls are completely identical. (3) The curve ν α,β (v) = 0 is given by a hyperbola. Moreover, this hyperbola intersects all semicircular walls at their top point. The following lemma is useful in computations and first appeared in [CH15] . We refer to [MS16, Lemma 7.2] for a simple proof.
Lemma 2.3. Let 0 → F → E → G → 0 be an exact sequence in Coh β (X) defining a non empty semicircular wall W . Assume further that ch 0 (F ) > ch 0 (E) ≥ 0. Then the radius ρ W satisfies the inequality
.
Note that by definition an object in Coh β (X) is supported in dimension zero if and only if it is a zero dimensional torsion sheaf. A simple but yet important observation is that their subcategory in Coh β (X) is closed under taking subobjects and quotients. More precisely, we have the following lemma.
Lemma 2.4. Let 0 → K → A → B → 0 be a short exact sequence in Coh β (X) and suppose that A is a zero-dimensional sheaf, then so are K and B.
Proof. Consider the long exact sequence of cohomologies in Coh(X)
Thus, H 0 (B) is a zero-dimensional sheaf as well. If H −1 (B) is nonzero, then we would have
A generalized Bogomolov type inequality involving third Chern characters for tilt semistable objects with ν α,β = 0 has been conjectured in [BMT14] . Its main goal was the construction of Bridgeland stability conditions on arbitrary threefolds.
It turns out that the conjecture does not hold in general which was first pointed out for the blow up of P 3 at a point in [Sch17] . We give further counterexamples in the next section. A modified conjecture was proved for all Fano threefolds in [BMSZ16] and [Piy17] . This answers the following question affirmatively in this case.
Question 2.6 ([BMSZ16]
The same way as in [BMT14] one can use an affirmative answer to this question to construct Bridgeland stability as follows. One repeats the process of tilting by replacing Coh(X) with Coh β (X) and µ with ν α,β . A torsion pair on Coh β (X) is then defined by
The heart of a bounded t-structure is given by the extension closure A α,β (X) := F ′ α,β [1], T ′ α,cβ . As is customary with Bridgeland stability, one defines the following central charge instead of a slope that depends on an additional parameter s >
. The corresponding Bridgeland slope is then given by
With the same arguments as in [BMT14] the pair (A α,β , Z Γ α,β,s ) is a Bridgeland stability condition on D b (X) due to the inequality in Question 2.6. This inequality implies the most critical property of a Bridgeland stability condition, namely for any E ∈ A α,β (X) with ℑZ Γ α,β,s (E) = 0 one gets ℜZ Γ α,β,s (E) < 0.
Counterexamples
As shown by the first author in [Sch17] the generalized Bogomolov-Gieseker inequality (Conjecture 2.5) fails on the blow-up of P 3 at one point. The purpose of this section is to explore a more general class of counterexamples in hopes of shedding some light on how to choose the class Γ of Question 2.6.
Our approach is very simple. In the same way as the structure sheaf of a curve of negative self intersection violates the usual Bogomolov-Gieseker inequality on a surface, we want to look for divisors on a threefold with special intersection properties so that their structure sheaves will violate Conjecture 2.5.
As before, let X be a smooth projective threefold, H an integral ample class, and B = βH an R-divisor on X. For an effective integral divisor D on X we can compute the twisted Chern characters
To produce a counterexample to Conjecture 2.5 we want to find β and α so that:
Notice that there is only one value β 0 for which condition (b) is satisfied. Indeed, ν α,β (O D ) = 0 if and only if
We have
Thus, condition (c) is satisfied if and only if
We are left to find a range of values for α so that condition (a) is satisfied. First of all, notice that since O D is a Gieseker semistable torsion sheaf, O D is ν α,β -semistable for all β, and α ≫ 0. Moreover, the walls for tilt semistability in the (α, β)-plane for the Chern character ch(O D ) are semicircles with center (0, β 0 ).
By Theorem 2.2, we know that if O D is destabilized we must have a short exact sequence 0 → A → O D → B → 0 along a semicircular wall W of radius ρ W . Note that the point (α, β 0 ) ∈ W is given through α = ρ W . Since F must have rank at least one, we can use Lemma 2.3 to get
In particular, this shows that O D is ν α,β 0 -semistable for
. Combining (1) and (2) we obtain the following Lemma.
Lemma 3.1. Let X be a smooth projective threefold. Suppose that there is an effective divisor D and an ample divisor H such that
Then there exists a pair (α 0 , β 0 ) such that O D violates Conjecture 2.5.
3.1. Contracting divisors. Let X be a smooth projective threefold and suppose that there is a projective morphism π : X → Y with exceptional locus a divisor D that gets contracted to a point by π and such that −D is relatively ample. Let A be an ample divisor on Y , and let L = π * A. Then for m ≫ 0 the divisor
Notice that
This quantity is positive for m ≫ 0 since −D is relatively ample and so D 3 > 0. Therefore by Lemma 3.1, O D violates Conjecture 2.5. In particular, Conjecture 2.5 fails on any blow up of a smooth threefold at a point.
3.2. Weierstraß threefolds. Let p : X → S be a smooth elliptic Calabi-Yau threefold over a del Pezzo surface S in Weierstraß form with canonical section σ : S → X. We refer to [BBHR09, Section 6.2] for additional background on these threefolds.
Let us denote by Θ ⊂ X the image of σ and by K S the canonical divisor of S. Then as observed by Diaconescu in [Dia16, Corollary 2.2], a divisor class
is ample on X if and only if η + tK S is ample on S. In particular, the divisor H = tΘ − (1 + t)p * K S is ample. Using the adjunction formula for Θ ֒→ X we obtain
Then one can compute the intersection numbers
which is positive for t > 2 1/3 − 1. Therefore, Lemma 3.1 implies that Conjecture 2.5 fails for all smooth Weierstraß Calabi-Yau threefolds over a del Pezzo surface.
Blowing up a point
Let X be a smooth projective threefold, P be a point on X, f :X → X be the blow up of X at P , and E be the exceptional divisor. We will construct Bridgeland stability conditions onX provided that the generalized Bogomolov-Gieseker inequality Conjecture 2.5 holds on X or more generally Question 2.6 has an affirmative answer answer on X.
Let H be an ample divisor on X and B 0 any R-divisor on X. By assumption there is a cycle Γ ∈ A 1 (X) R depending at most on H and B 0 such that Γ · H ≥ 0 and for any ν α,β -stable object E with ν α,β (E) = 0, we have
We define corresponding classes onX as follows
where as previously α, β ∈ R with α > 0. For any s > 1 6 , we define a function on D b (X) as
The goal of this section is to construct a Bridgeland stability condition (A α,β (X), ZΓ α,β,s ) on D b (X). In order to do so, we need to better understand the relationship between D b (X) and D b (X). Let E = OX ⊕ OX (E)⊕ OX (2E), and let B be the sheaf of OX-algebras given by f * End(E). Toda proves the following theorem. where Z ⊂ X is a zero-dimensional subscheme of length 4 that is set theoretically supported at P .
Proof. Note that as OX -modules
By applying the derived pushforward f * to the exact sequence
We can do the same to the exact sequence
By using the exact sequence
we get f * O(−E) ∼ = I P . Lastly, we use the exact sequence
The claim follows, because ch(f * O(−2E)) = (1, 0, 0, −4). By abuse of notation we will still call it ch.
Lemma 4.3. For any object F ∈ D b (X) the equality
holds. In particular, we get 3ZΓ α,β,s (F ) = Z Γ α,β,s (Φ(F )).
Proof. By [Ful98, Lemma 15.4] we have the following exact sequences, where Q is the universal quotient bundle of E = P(N P/X ) and i : E ֒→X is the inclusion.
Moreover, we can compute
Therefore, we obtain
The strategy from here on is to construct a double tilt of Coh B similarly to the case of Coh(X) in Section 2. Comparing stability via the forgetful functor j will lead to a proof of a BogomolovGieseker type inequality that allows to finish the construction. Clearly, j maps Coh(B) to Coh(X). Since j faithful, the fact that Coh(X) is noetherian implies Coh(B) to be noetherian. Thus, standard arguments [MS16, Proposition 4.10] imply µ to have Harder-Narasimhan filtrations in Coh(B). In order to compare the second tilts, we will first need to show the following lemma.
Lemma 4.4. Let F ∈ Coh(B) be µ-semistable. Then so is j(F ). (Coh(B) ). The previous lemma shows that the functor j maps Coh β (B) to Coh β (X). As before we will look at the slope function ν α,β on these categories. Since Coh β (X) is noetherian, we can use j to show that Coh β (B) is also noetherian. Therefore, tilt stability is well defined with the same arguments as in [BMT14] . Again as in Section 2 we construct a second tilt A α,β (B) in D b (Coh(B)). In order to see that the functor j maps A α,β (B) to A α,β (X) we need to compare ν α,β -stability.
Lemma 4.5. Let F ∈ Coh β (B) be ν α,β -semistable. Then so is j(F ).
Proof. Assume D ֒→ F to be an injective morphism in Coh β (X) such that ν α,β (D) > ν α,β (F ) and D is ν α,β -semistable. This implies ν α,β (F ) < ∞. The strategy of this proof is to construct an object in Coh β (B) out of D that can be used for a contradiction. Let H i β be the cohomology functor with respect to Coh β (B). By Lemma 4.4 the cohomology functor with respect to Coh β (X) is the composition of H i β with the forgetful functor, and therefore, we will abuse notation by calling it H i β , too. We can assume both D and F to be complexes of locally free sheaves such that D → F is a morphism of complexes. Then we have D ⊗ L B = D ⊗ B and we get two morphisms of complexes D → D ⊗ B → F whose composition is our original map D → F . In particular, all these morphisms are non trivial. Moreover, we have an induced non trivial morphism
be the biggest proper non-trivial subobject in the Harder-Narasimhan
As in Lemma 4.4 the proof will proceed in two steps. Firstly, we prove ν α,
. Part of the long exact sequence with respect to Coh β (X) is given by
is an object in Coh β (X) for every i, implying that
Therefore, from Lemma 2.4 it follows that
is also set-theoretically supported at P , and the equality ν α,
Since G is set-theoretically supported on P , then by Lemma 2.4 so is G ′ . We have an inclusion S/G ′ ֒→ D ⊕9 , and
This is a contradiction to the stability of D unless S = G ′ , i.e. S ⊂ G. Since F is ν α,β -semistable, there is no morphism from S to F . Therefore, the non trivial morphism
But that is a contradiction to semistability of F .
The final step is to show that (A α,β (B), Z Γ α,β,s ) is a Bridgeland stability condition on D b (B). We define a heart A α, (1) For any x ∈X the skyscraper sheaf C(x) is contained in A α,β (X). (2) If x ∈X\E, then C(x) is stable with respect to ZΓ α,β,s .
(3) If x ∈ E, then C(x) is strictly semistable with respect to ZΓ α,β,s .
Proof.
(1) We have Φ(C(x)) = Rf * (C(x) ⊕3 ) = C(f (x)) ⊕3 .
This object is both slope semistable and tilt semistable on X even without the B-module structure. Since it has slope infinity for both the stabilities, it has to be contained in A α,β (B). (2) More strongly, we will show that for x ∈X\E the skyscraper sheaf C(x) is simple, i.e. it has no non-trivial subobjects. We need to understand the action of B on Φ(C(x)) = C(f (x)) ⊕3 . This action is completely determined by understanding the action of the restriction B |f (x) . If U ⊂ X is an open subset containing f (x), but not P , then B(U ) = End(E(f −1 (U ))) = Hom(O ⊕3 U , O ⊕3 U ). Therefore, the restriction B |f (x) is simply the whole endomorphism algebra of C(f (x)) ⊕3 , i.e. the algebra of three times three matrices over C. This action is transitive, and therefore, C(x) is simple as a B-module.
Let E ֒→ C(x) be a subobject in the first tilt Coh β (B). By definition of Coh β (B), we get E ∈ Coh(B). Since C(x) is simple in Coh(B), the map E → C(x) must be surjective as sheaves. But then the kernel of this morphism in Coh(B) is also in Coh β (B). Therefore, the morphism E → C(X) is both injective and surjective in Coh β (B), i.e. it is an isomorphism. The same argument shows that C(x) has to be simple in A α,β (X) as well. (3) If x ∈ E, we will analyze the non-trivial morphism O E (2E) → C(x). Since O P 2 (−1) and O P 2 (−2) have trivial sheaf cohomology, we get
This object is stable in all notions of stability on X, with or without B-module structure.
In particular, O E (2E) ∈ A α,β (X). A straightforward computation shows ZΓ α,β,s (O E (2E)) = − 1 3 , ZΓ α,β,s (C(x)) = −1.
If C(x) is stable, then the morphism O E (2E) → C(x) must be surjective, but that would imply −1 > − 1 3 .
